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ABSTRACT

The article proposes the methods of object
shooting by means of a spectrometer based on a
multi-channel radiation detector and further pro-
cessing of its results allowing spectral resolution of
such spectrometers significantly to increase with the
same original spatial resolution. The mathematical
model of the shooting process is provided. It is de-
termined that restoration of spectral radiance of ob-
jects based on the shooting data using the proposed
method is a mathematically incorrect inverse task.
The Greville method, the method of wavelet trans-
formation, the Tikhonov regularisation method, and
the Godunov method were considered as methods
for its solution. The results of computational mod-
elling of the considered methods are shown and it is
found that restoration of spectral radiance of objects
based on the shooting data using the considered
methods is possible and relative error of restoration
is at a fraction of per cent scale. It is determined
that the wavelet transformation method is an opti-
mal method of solution of the incorrect spectral ra-
diance restoration task. It is also shown that the pro-
posed method of imaging spectrometry is applicable
both when using matrix radiation detectors with in-
creased number of narrow-band filters and when
using widely spread standard three-channel matrix
RGB detectors of radiation.

Keywords: imaging spectrometry, incorrect
tasks, multi-channel shooting, spectrum restoration,
optical filters
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1. INTRODUCTION

Imaging spectrometers are rather actively used
in science and industry. The key distinction of imag-
ing spectrometers is the capability to record spectral
characteristics of each point of a two-dimensional
image of an object. For conventional representation
of a data array acquired when measuring by means
of an imaging spectrometer, the data cube concept
is used [1]. The data cube is a three-dimensional
structure formed by spectral characteristics of radi-
ation reflected from the studied surface on one plane
and by corresponding spatial coordinates on the two
other planes.

In terms of the number of spectral channels used
for measurement and spectral resolution, imaging
spectrometers are conventionally identified as mul-
tispectral and hyperspectral ones. The multispectral
instruments are the ones registering radiation in 4
to 100 spectral channels with resolution less than 10
nm [2, 3]. The instruments with high spectral res-
olution have the best specifications among hyper-
spectral instruments [4, 5]. They have over 1000
spectral channels and their resolution is better than
1 nm. In order to reach high resolution, these hyper-
spectrometers are equipped with dispersing systems
of various types or built based on the principle of a
Fourier spectrometer [6—9]. Due to the said distinc-
tions and high requirements to the elements of the
structures of dispersing and interference systems,
these instruments have large dimensions, low oper-
ational characteristics and high cost [10—11]. More-
over, for processing of information and formation
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of the data cube, it is necessary to provide a mech-
anism of scanning in one of the coordinates of the
cube: either spatial or spectral one.

Imaging spectrometers with 100 up to 1000
channels and resolution of 1 nm to 10 nm are classi-
fied as medium-resolution spectrometers.

Multispectral instruments are the simplest im-
aging spectrometers with the best operational char-
acteristics [12, 13]. They comprise a combination
of a lens and a sensing matrix installed on the im-
age plane. The sensors (micro pixels) are equipped
with narrow-band selective filters with their posi-
tioning on the matrix defining the type of the matrix
radiation detector (RD): band, tile or mosaic-type.
In terms of construction of imaging spectrometers,
mosaic-type matrix RD’s are preferred with groups
of micro pixels with selective filters united into
one macro pixel, i.e. the same principle is used as
in standard RGB matrices, however, the number of
spectral channels is increased from 3 to 4, 8, 16, etc.
Increase of spectral resolution of such instrument
is reached by increasing the number of channels in
a macro pixel, but it increases the dimensions of a
macro pixel and, therefore, reduces spatial resolu-
tion [14]. The method under consideration allows
us to increase spectral resolution of a multispec-
tral instrument up to the level common for a me-
dium-resolution hyperspectrometer with the same
spatial resolution.

The method is based on shooting of a studied
object through several filters with known spectral
characteristics of transmission and then the param-
eters of the obtained images are processed math-
ematically to find spectral characteristics of the
object within each macro pixel with spectral reso-
lution significantly exceeding capabilities of a mul-
tispectrometer. The article also demonstrates that
not only multispectral matrix RDs operating in four
or more channels can serve as a basis for an imag-
ing spectrometer utilising the proposed method but
also standard three-channel RGB RDs can, and final
spectral resolution can reach several nanometres.

2. THE METHOD

Determination of spectral characteristics of con-
tinuous, uniformly illuminated and diffusively re-
flecting objects using data from imaging spectrom-
eters based on multispectral RDs is a problem of
interpretation of the input relation using results of
indirect measurements [15, 16] such as response
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of RD to an input signal [17]. The article analyses
reconstruction of a spectral characteristic, namely
spectral radiance (SR) L.(4) of the objects, based on
the signal quantity U from pixels of the multispec-
tral RD using known functions of spectral respon-
sivity of corresponding channels S(1). Quantities of
signals from pixels of a matrix RD within a single
macro pixel are written as linear integral equations:

Lj” S,(A)-L(AHdA=C-U,,
[*5.0)-L(Ada=cC U,

[75.0-L(bar=c U,

where U;, U,, U, are the signals values of a pix-
els corresponding to a specific channel obtained
when shooting an object by means of a camera;
S1(A), Sx(A),...Sn(4) are the functions of spectral re-
sponsivity of a matrix RD pixel in each channel; 4,
u 4, are the boundaries of operating range of wave-
lengths; m is the number of channels; C is the ra-
tio not depending on 4 and defined by parameters of
equipment and conditions of shooting (diameter of
the lens entrance pupil, distance to the object, field
of view, etc.).

For approximate calculations of corresponding
integrals with constant increment 44, the following
system of equations is used

1.7'7

> L(A)-S(A)¥(4)=C-U

7

> L(A)-S,(4) v(4)=C U,
g | ()

Y L(4)-S,(4)-¥(A)=CU,,.
i=1

where L.(4;) are the values of SR of the object at
discrete points of the operating region of the spec-
trum; Si(4,), S»(4), ... Sp(4) are the discrete values
of the pixel spectral responsivity with narrow-band
filter of the matrix RD; v(4;) is the weighting factors
of the increment depending on the method of nu-
merical integration: triangular method, trapezoidal
method, the Simpson method, etc.; U;, U,,... Uy, are
the signal quantities of pixels acquired when shoot-
ing the object by means of a multispectral cam-
era; m is the number of narrow-band filters; » is the
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number of split points over the spectrum; i is the
split step number.

With the known functions S;(1), S>(4), S,(4)
and values U, U,, U, the system (1) resolves it-
self to a system of linear equations in the set of se-
lected values L(4;). With that, the number of values
L.(4)) is defined by the value of n. The error of these
values is mainly defined by the constructive ma-
trix of equations of the system (2) and the nature of
changes of the function L(4). Usually, the system (1)
does not allow to recover information on the func-
tion L.(4) with required accuracy, therefore, in order
to obtain additional information on SR of the ob-
ject, it is suggested to make several additional shots
through special optical filters with known spectral
transmission functions 7j(4) (j = 1, 2...p). The sys-
tem of equations (1) is also supplemented by mxp
more similar equations:

D LAA)S((A) W(A) T (A)=C U,
i=1
D LAY S,(A) W(A) Ti(A) =

i=1
:C'Uz,[j,jzl...p (1+)

S L(A) Sy (A)v(A)7,(A) = C-U

i=1

mrj 2

where Uy, Usy, ... Uy are signal quantities of the
pixels acquired when shooting the object by means
of a camera with corresponding narrow-band filters
through a filter with transmission function zj(4;).
The system of equations (1+) may be enhanced by
including the system (1) in it. For this purpose, it
is necessary to introduce the value of the parame-
ter j = 0 in the system (1+) and to take 7(4;) = 1,
i.e. to consider that the object is being shot without
a filter.

Selection of the required number of filters and
optimal nature of their transmission functions is de-
fined by necessary accuracy of determination of the
function L.(4;), required dynamic characteristics of
the image processing system and other parameters
of the design specification.

For modelling and computational solution, it is
convenient to write the system of equations (1+) in
the matrix form:

S-l1=u, (2)
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where Sis a m-(p + 1)-n-order matrix taking into ac-
count spectral responsivity of the pixels of the ma-
trix RD, known spectral functions of transmission
7j(4;) and weighting factors of increment v(4;); I is
the vector consisting of n elements defining SR of
the object; u is the vector consisting of m-(p+1) de-
fining the signal quantities of pixels acquired when
shooting the object by means of a multispectral
camera itself and with additional filters.

2.1. The Greville Method

With high requirements to spectral resolution of
an imaging spectrometer and natural strive to their
technical implementation, the amount of unknown
values of L (4;) turns out to be large and sometimes
significantly exceeds the number of equations (1+).

With that, the problem (2) may either have no
solution or have a non-unique solution [18-20], i.e.
it may be set mathematically incorrectly, therefore,
a pseudo solution is used in such cases [21-23], i.e.
such vector / that measures up the following func-
tional [24]:

||S -1- u||2 — min.

On the other hand, in consequence of the known
theorem on perpendicular, the normal pseudo solu-
tion is determined with a single value and may be
found using the equation

[=S"u, 3)
where S* is a pseudo-inverse matrix obtained by
means of pseudo-inversion of the matrix S.

Pseudo-inversion may be understood as solution
of the problem of the best approximation using the
least squares method. The pseudo-solution meth-
od is one of the simplest ways to restore spectral
radiance of objects using the data of multichannel
shooting, and the pseudo-inverse matrix was found
using the Greville method in this work.

2.2. The Wavelet Transformation Method

The equation (2) is an inverse incorrect problem
[25, 26], and its solution written as (3) is a simple
one but has a grave disadvantage. It resides in the
fact that the distinctions of the problem discussed
in this article often make the matrix S ill-condi-
tioned (due to linear dependence between the rows
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of the matrix and therefore low stability of the solu-
tion to errors of the right-hand side of the equation
(2)). In order to eliminate this factor of accuracy re-
duction of original luminance spectre reconstruc-
tion, wavelet transformation of the function may be
used [27, 28].

Wavelet transformation of a regular signal is its
representation in the form of a generalised series or
a Fourier integral over the system of basic functions
constructed from the mother (original) wavelet y(4)
with specific properties gained using operations of
time shift » and change of time scale a. For the set
values of parameters a and b the function (1) is
the wavelet generated by the mother wavelet y(1)
[29]. Wavelets are used for shortening excessive in-
formation in this article. Each row of the matrix S'is
expanded in the basis and then not the elements of
the matrix S, the number of which is defined by the
amount of points of split over the spectrum and may
reach tens and hundreds, are used in the solution of
the equation (2) relative to / but the wavelet coef-
ficients of its expansion in the basis the number of
which is defined by the number of functions includ-
ed in the basis, which ultimately reduces the condi-
tion number u by orders of magnitude. The erf inte-
gral y(1) = erf(1) was used as a mother function of
wavelets in this article and the expansion basis con-
sisted of 8 functions (i.e. k£ = 8) and was written in
the following form:

Wo(x)=1,
V() = erf2- )

Y, (x) = erf(4 (x -l)j, ws(x)= erf(s (x+ l)),
2 2) @

ys(x)= erf(4-(x+%)), Wi(x) = erf(S-(x-%)),

v, (x)= erf(S-(x-%)j, v, (x)= erf(8-(x+%)),

where x is a variable representing wavelength A
normalised to the standard interval [—1; 1] similar
to [30].

SR of the object with use of wavelet transforma-
tion of the matrix S was defined using the following
formula acquired from the expression (3)

I=®-(S-®) -u,

where @ is the matrix of the values of basic func-
tions from the expressions (4) with order of (kxn);
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(S-®)" is the matrix acquired by pseudo inversion of
the matrix S-®.

2.3. The Tikhonov Regularisation Method

Since it is impossible to obtain an accurate solu-
tion of the equation (2) stable to minor changes of
input data due to the incorrect nature of the problem
of radiance spectrum reconstruction, it is necessary
to search for some approximated solution [31]. The
equation (2) being solved is an operator equation
of the first kind [32]; in [25; 33], it is shown that its
solution is equivalent to the solution of the problem
of functional minimisation:

MGu)=|S-1-ul +o I - min, (5

lelL, a>0,

where M*(l, u) is the Tikhonov smoothing function-
al, a is the regularisation parameter.

The regularised solution of the problem (2) is
determined as the only solution of the Euler equa-
tion [25, 31]

(S"-S+a-E)1=S" u+a-u*,

where F is the unity matrix of the n degree.

The canon form of the regularisation method
which was used in this article corresponds to the
case u'= 0.

When practically applying this method, the algo-
rithmic methods of a parameter selection are very
important. One of them is based on the paper [34]
and comprises selection of « using the values of the
functional M%(l, u) on the regularised solutions from
the constraint (5). The solution of such problem is
found based on the principle of generalised resid-
ual [35] using Newton step-by-step approximation
on the a grid:

ag=0stf;5=0,1,2...; 4 =0.001.

2.4. The Godunov Method

According to [36, 37], application of addition-
al information about the fact that the desired solu-
tion has not too large second derivatives allows us
to supplement it in such a way when compiling the
system of linear equation, that such supplementa-
tion significantly lowers the condition number and
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makes the system solvable. In such case, the system
of equations (1+) is written as the system

{(1—2’)-‘9}.1:{(1—7)%}

6
7-B 0 ©
where B is the matrix with z order with its elements
(by) being such that

i 7 OpA1=j;

(1/n-1)

— npui=j-lui= i +1;

j

b; =0 npu |i—j|22;

7 is the ratio defined from the expression r = 1/
(n—1)>2

It was expected that, provided the above condi-
tions of calculations of the elements of the matrix B
and the ratio 7 are complied with, the normal solu-
tion of the system (6) which may be written as

((A-7)°-8"-S+7°-B"-B)-1=(1-7)*-5"-u,

would be proximate to the vector we are interest-
ed in [24].

2.5. The Modelling Procedure

The described method of determination of the
object SR using the data of indirect measurements
was checked using computational modelling in ac-
cordance with the expression (1+). Uniform diffuse-
ly scattering coloured plates were used as test sam-
ples. The SR curves of these samples, L. (4;), Lex(4;)
and L(4;), were determined by means of a certified
device: spectrophotometer Perkin Elmer Lambda
950 (Fig. 1).

Each sample was modelled separately. Multi-
channel mosaic-type matrix RD’s are manufactured
with macro pixels consisting of some fixed number
of pixels with specific filter (i.e. the number of chan-
nels is m). Two RDs were considered in the course
of modelling: a standard RGB matrix with three
channels (m = 3) and a multispectral eight-chan-
nel mosaic-type matrix RD with its macro pixels
consisting of eight pixels with narrow-band filters
(m = 8). Computational modelling was conducted
separately for each matrix. The curves of spectral
responsivity of the RGB matrix, Sg(4), Sg(4) and
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Fig. 1. Relative SR curves of samples 1 (7), 2 (2) and 3 (3)

Sg(4), and of the multispectral eight-channel matrix,
S1(A), S»(4), ..., Sg(4), are shown in Fig. 2, a and b,
respectively.

Colour glasses ZhZS-5 (OK3C-5), ZhZS-18
(OK3C-18), SZS-16 (C3C-16) and SS-1 (CC-1) were
selected from the optic glass catalogue and used as
optic filters in the course of computational model-
ling; their transmission functions, 7;(4;), 72(4;), 73(4;),
and 74(4;) (p = 4), complied with Standard 9411-91.
The said colour glasses were selected using the clas-
sic method comprising of selection of filters with
maximum difference between the shapes of trans-
mission curves and uniform covering of the entire
operational range of 1 [38].

At the first stage of modelling, the signal quanti-
ties of the pixels of the standard RGB matrix Uy T
Us 1, Ug 7, (j = 0,...p) are determined from the di-
rect solution of the equation (1+) using the known
parameters, namely spectral responsivity of the pix-
els of the matrix RD with Bayer filters Sg(4;), Sg(4;),
Sp(4;), SR of the samples L.(4;) and transmission
functions 7j(4;) of additional p filters (j = 1, 2,...p).
The signal quantities of the pixels of the standard
RGB matrix are defined for each sample, i.e. for
L (4), Leo(4), Lei(4;). The corresponding values of
signal quantity of the pixels of the multispectral RD
are obtained in the similar way. In such case, an-
other quantity p of additional optical filters is used.
To provide sufficient accuracy of modelling, the
increment of split over spectrum was 1 nm for all
functions, which corresponded to the total number
of points of n = 251 for the spectral region of (400—
650) nm.

The second stage of modelling comprised de-
termination of SR, L., "(4), Lex"(4) and L"(A), of
each sample at n points using one of the above-men-
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tioned methods of solution of the inverse incor-
rect task (2). Moreover, SR of the samples was de-
fined separately for the two variants of modelling:
with three-channel (m = 3) and eight-channel (m =
8) matrix RDs. Relative error expressed in per cent
was the measure of concordance with the spectrum
reconstructed in such a way.

3. RESULTS

The main results of mathematical modelling of
the methods to determine the sample SR are pre-
sented below.

1. It appears to be impossible to solve the in-
verse incorrect task of determination of the object
SR with accuracy specific for a medium-resolution
spectrometer without using additional optical filters
by means of any of the presented methods. Relative
errors of the reconstructed and original SR of the
samples are equal to tens of per cent. This is appli-
cable to both multi-channel and RGB RDs.

2. Utilisation of additional filters for shooting
of the object allows us to increase accuracy of SR
definition with required spectral resolution. In most
cases, one or two additional filters are sufficient for
multispectral systems depending on the number of
channels. It is appropriate to use the value p =2 for
the eight-channel radiation detector used for calcu-
lation in this article. It is found that the method of
imaging spectrometry based on multi-channel RDs
yields good results not only for matrix RDs with the
number of channels increased as compared to the
standard one, which was expected [39], but also for
widely used three-channel matrix RDs. In the lat-
ter case, the number of optical filters involved in
multi-channel shooting (p) is increased but remains
within technically feasible limits and appears to be
justified [40, 41]. The value p = 4 is assumed in this
article.

3. Fig. 3 illustrates the results of reconstruction
of the original SR using the Greville method, wave-
let transformation, the Godunov method, and Tik-
honov regularisation. The graphs demonstrate that
all considered methods of solution of the equation
(2) appear to be applicable for definition of SR of
different samples. At the boundaries of the spectral
region, almost all methods demonstrate some de-
viation between the original and the reconstructed
curves, and this aspect shall be taken into account
when using the methods in practice. The main chal-
lenge when using the Tikhonov method is calcula-
tion of the optimal value of the regularisation pa-
rameter a. In the course of modelling, the values
of this parameter were calculated using the New-
ton step-by-step approximation method. They were
equal to 0.0616 at m = 3 and 0.1481 at m = 8. The
wavelet transformation method provides a more
single-valued representation of the shape of the SR
curve; therefore, in the problems requiring further
integration of the values at specific points of the re-
constructed curves in the calculations, it is prefera-
ble to use the method of wavelet transformation due
to its less relative error of SR reconstruction.

4. The Table contains the values of relative error
of restoration of SR of three objects using the above
described methods of solution of incorrect inverse
task. The Table makes it clear that computational
modelling of the discussed method of multi-chan-
nel imaging spectroscopy and the methods of fur-
ther data processing yield positive results and the
original SR of the samples is reconstructed with
low error. It may seem that the results listed in the
Table are too optimistic but it should be noted that
we are talking about just the errors of reconstruc-
tion of spectral curves in terms of the methods of
solution of inverse problems. When using the Gre-
ville and the Godunov methods, deterioration of the
results with increase of the number of matrix chan-
nels is observed, which is explained by high sen-
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sitivity of these methods to ill-conditioning of the
matrix S included in the calculation; however, the
Godunov method demonstrates more preferable re-
sults as compared to the Greville method. On the
other hand, the methods of wavelet transformation
and Tikhonov regularisation are applicable better
with high condition number of the matrix S, which
serves as an important factor in solution of incorrect
tasks, and with increase of the number of equation
included in the system (1+), relative error of calcu-
lation with use of these methods lowers. The wave-
let transformation method allows us to reduce the
condition number (u) of the matrix Satm=3,p =4
from 8.4-102 down to 0.3-10%, and down to 0,1:103
from 1.4-10% at m = 8, p = 2 and to obtain the mean
value with respect to three samples not exceeding
040% atm=3,p=4and 0.17 % atm =8, p =2,
which is obviously the best result.

3. DISCUSSION AND CONCLUSIONS

The article considers the methods of shooting of
objects by means of an imaging spectrometer based
on a multi-channel RD with corresponding software
processing of the shooting results allowing to de-
fine SR of objects with increased spectral resolu-
tion and original spatial resolution by obtaining ad-
ditional information on spectral characteristics of

d) 400 450

500 550 600 650
A, nm

an object in the course of its shooting through spe-
cial optical filters. Mathematical modelling of the
shooting process confirming theoretical grounds of
the method is conducted. In the course of the work
it is found that the problem of results processing is
not trivial, therefore the results of modelling of its
solution using different methods are given in the ar-
ticle. It is found that the method of wavelet trans-
formation is the most universal method of solution
of the incorrect problem of object SR curves recon-
struction. As a result of computational modelling,
it is found that relative error of SR reconstruction
based on the data of multi-channel shooting using
the proposed method is about 0.17 % and is satis-
factory. It is also shown that the discussed method
of multi-channel imaging spectroscopy is applicable
both to multispectral eight-channel matrix RDs and
to widely used standard three-channel matrix RDs.
When three-channel RDs are used, the number of
optical filters used for shooting appears to be tech-
nically feasible and justified.

It appears that the main advantages of the de-
scribed method of multi-channel shooting are sim-
plicity of its technical implementation, low sen-
sitivity to external factors (increased vibrations,
significant temperature drops, etc.) and capabil-
ity of the imaging spectrometer to obtain data in
three coordinates of the cube without scanning with
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Table. The Results of Modelling of Reconstruction of Spectral Radiance Based
on the Data of Multichannel Shooting
Relative error, %

Sample Wavelet Transf ti Tikh Regularisati

number . avele ansiormation 1IkKhonov regularisation
Greville Method Method Method Godunov Method
m=3 m=8 m=3 m==8 m=3 m=8 m=3 m==8
p=4 p=2 p=4 p=2 p=4 p=2 p=4 p=2
0.96 2.86 0.62 0.25 1.33 0.77 0.65 1.61

2 0.91 2.55 0.29 0.11 1.20 0.61 0.42 1.33

0.61 2.00 0.30 0.15 1.11 0.56 0.55 1.54

high spectral and spatial resolution. The considered
method allows a large number of variations (e.g. by
changing the number of shooting channels and op-
tical filters involved in it, transmission spectra of
these filters, etc.). In consequence of such variabil-
ity, optimisation of the values of the said parame-
ters and their combinations as well as consideration
of the effect of measurement errors on the results of
object SR reconstruction using the data of indirect
measurements should be the subject matter of fur-
ther research.
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