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ABSTRACT

The article describes the role of polarisation in 
calculation of multiple reflections. A mathematical 
model of multiple reflections based on the Stokes 
vector for beam description and Mueller matrices 
for description of surface properties is presented. 
On the basis of this model, the global illumination 
equation is generalised for the polarisation case and 
is resolved into volume integration. This allows us 
to obtain an expression for the Monte Carlo meth-
od local estimates and to use them for evaluation of 
light distribution in the scene with consideration of 
polarisation. The obtained mathematical model was 
implemented in the software environment using the 
example of a scene with its surfaces having both dif-
fuse and regular components of reflection. The re-
sults presented in the article show that the calcula-
tion difference may reach 30 % when polarisation 
is taken into consideration as compared to standard 
modelling.

Keywords: polarisation, multiple reflections, lo-
cal estimates, Monte Carlo method, Mueller matrix, 
Stokes vector

INTRODUCTION

The development of computers and software 
over the previous decades has led to the fact that 
nowadays design of any lighting installation in-
volves modelling light field of illumination scenes, 
which will be obtained when using the selected 
lighting devices. Calculation of multiple reflections 

(MR) of light from the surfaces of the scene being 
modelled plays a very important role in it.

In lighting engineering, it is common to neglect 
light polarisation phenomena in calculations. Such 
neglect does not lead to a significant error in the re-
sults when it comes to a small number of reflections 
from surfaces with mostly diffuse nature of reflec-
tion. However, if it is necessary to deal with surfac-
es where reflection has a significant regular com-
ponent, the state of polarisation of even completely 
depolarised light will be changed already after the 
first reflection, which will affect the nature of fur-
ther interactions of light with the surfaces of the 
scene.

It is obvious that the light will be depolarised 
again after a sufficient number of reflections. Nev-
ertheless, it is still unknown how consideration of 
polarisation will affect the final result of lighting 
calculation. The existing estimations indicate that 
the difference between the results of convention-
al calculation and those of calculation considering 
light polarisation may exceed 20 % [1]. Once this 
assumption is confirmed it will mean the necessi-
ty to take the state of polarisation into account for 
solving applied problems (such as calculation of il-
luminance in the premises with consideration of 
MR).

The results of a large number of studies by dif-
ferent authors [2–7], which show the sufficient ef-
fect of polarisation on the obtained images of scenes 
when modelling light distribution using their exam-
ple, have been published recently. However, these 
studies do not contain information on how consid-
eration of polarisation affects the obtained values of 
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magnitudes describing the energy performance of 
light radiation. At the same time, it is these magni-
tudes that interest most the specialists whose work 
is related to solving practical problems.

Moreover, the images of scenes presented in the 
works by the said authors show that the form and lo-
cation of glares on the scene surfaces change when 
images are rendered with consideration of polarisa-
tion. Therefore, the state of light polarisation ulti-
mately affects not only quantitative but also qualita-
tive characteristics of light distribution created by a 
given lighting installation.

1. PHOTOMETRIC DESCRIPTION 
OF LIGHT POLARISATION

To select the method of description of light po-
larisation, it is necessary to pay attention to the fact 
that all photometric terms are formulated exception-
ally as observable values. The nature of these val-
ues is determined, in particular, by quadratic charac-
teristics of optical radiation detectors (i.e. response 
to power), finitude of their dimensions and time 
constant [8].

In its turn, the electromagnetic field theory uses 
such values which are impossible to measure direct-
ly by experiment: amplitude and wave field phase. 
Therefore, when describing any wave optics experi-
ment, the necessity to transfer to the photometric in-
terpretation of light field is inevitable [9].

In the authors’ opinion, it means that the lan-
guage of polarisation description which is the most 
corresponding to the processes of radiation mea-
surement by an optical detector includes application 
of a set of four parameters (or, in other words, the 
four-dimensional parameter vector) introduced by 
G.G. Stokes in 1852 in [10]. These parameters de-
scribe light such that, if any beams obtained inde-
pendently of each other have the same values of all 
four components of the parameter vector, they are 
optically equivalent and no experiment allows dis-
tinguishing them [10].

The works [8, 9, 11] show that for purposes of 
photometry the Stokes parameters have dimensions 
of luminance which, in its turn, fully characterises 
radiation. Therefore, the full description of a beam 
shall include a set of four parameters.

It is possible to determine the components of the 
Stokes parameter vector based on the electromag-
netic theory, like it is done in [11], or experimental-
ly by passing the radiation through a set of polarisa-

tion filters [12]. In this case, the said parameters are 
determined based on reactions iJ  of the correspond-
ing optical detectors:

0 0 1 0 1

2 2 0 3 3 0

2 , 2( ),
2( ), 2( )

L J L J J
L J J L J J

= = −
= − = − , (1)

where , 0,3,iJ i ∈  are differ the installed polari-
sation filters:

0J  is a neutral filter with transmission of 0.5;
1J  is an analyser, with its optical axis and the di-

rection of radiation distribution determine the coor-
dinate system –  a reference plane;

2J  is an analyser with axis angle of 45° to the 
reference plane;

3J  is a complex filter consisting of a quar-
ter-wave plate and an analyser with angle of 45° 
to the reference plane.

It should be highlighted that the most important 
characteristic of the Stokes parameters is the coor-
dinate system in which they are defined or the refer-
ence plane; horizontal and vertical positions are de-
fined relative to this plane. The components 1L  and 

2L  depend on selection of the plane while 0L  and 3L  
don’t [12].

For each interaction of light and the environ-
ment, the parameters are calculated relative to a 
new reference plane which is linked with the diffuse 
point and is obtained by turning the previous plane 
about a corresponding angle.

Let us assume that the reference plane ζ  was ob-
tained by turning the previous plane ζ ′  about some 
angle ϕ  relative to the Z axis. Then the following 
expression is fulfilled for the Stokes vectors 

{ }0 1 2 3, , ,L L L L=L  and { }0 1 2 3, , ,L L L L=′ ′ ′ ′ ′L  defined 
relative to ζ  and ζ ′  [13]:

R= ′L L


, (2)

where ′L  is the Stokes vector before interaction; L  
is the Stokes vector after interaction; R



 is the refer-
ence plane rotation matrix or rotator (from the Lat-
in word “rotatio”) which is defined as follows [13]:

1 0 0 0
0 cos 2 sin 2 0

R
0 sin 2 cos 2 0
0 0 0 1

ϕ ϕ
ϕ ϕ

 
 
 =

− 
  



. (3)
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The sign of ϕ  is defined based on the condition 
that the coordinate system associated with the beam 
is right-handed: a positive value of angle ϕ  corre-
sponds to an anti-clockwise turn if looking from the 
side of positive values of the axis .Z

It is worth noting that the following system of in-
dications is used hereinafter:

a , a , a , a  is the column vector;
a , a , a  is the row vector;
â , â , â  is the unit column vector;
a , a , a  is the matrix;
×a b  is the plane generated by vectors a  and b  

with a normal of [ ]ˆ
| [ ] |

×=
×

a bN
a b

.

2. MATHEMATICAL MODEL 
OF MULTIPLE REFLECTIONS 
OF LIGHT WITH CONSIDERATION 
OF POLARISATION

In order to create a mathematical model consid-
ering light polarisation, the authors used the method 
proposed by G.V. Rosenberg in [11] which is based 
on use of the Stokes parameter vector for descrip-
tion of the state of a light beam and Mueller matri-
ces for description of light interaction with a sub-
stance. Let us review this method in detail.

Distributing in some medium, a beam inter-
acts with substance. In cases when electrodynam-
ics equations are linear and homogeneous, the result 
of such interaction may be presented in the follow-
ing form:

, (4)

where ˆ ˆ( , , )ρ ′r l l


 is the 4×4 Mueller matrix which 
describes the effect on the beam caused by the sub-
stance; ˆ ˆ ˆ ˆR( , )× ×′ ′ ′l N l l



 is the matrix of the refer-
ence plane rotation from ˆ ˆ×′ ′l N  to ˆ ˆ×′l l . The plane 
ˆ ˆ×′ ′l N  is generated by direction of the beam af-
ter the previous diffusion and normal of the ele-
ment of the surface on which the previous interac-
tion occurred; ˆ ˆ×′l l  is generated by directions of 
the beams after the previous and the current inter-
actions; ˆ ˆ×N l  is generated by the direction of the 
beam after the current interaction and the normal of 
the element of the surface on which the current in-
teraction occurred.

The result of a row of transformations will 
be obtained by applying the corresponding ma-
trix ,ρ  which is the product of matrices of partial 
transformations:

R Ri i iρ ρ= ′∏
 

 

. (5)

This work studied only the case of light reflec-
tion from scene surfaces with different fraction of 
Fresnel component. That is why below the construc-
tion of Mueller matrices which describe change of 
the Stokes vector only at the interface of media with 
different refractive indexes is presented.

Let us assume θ  is the angle of incidence, i.e. 
the angle between the direction ˆ− ′l  and the vector 
N̂  of normal to the surface (Fig. 1); reflecθ  is the an-
gle of reflection; refracθ  is the angle of refraction.

Direction l̂  of the beam reflected from the inter-
face will be determined as:

ˆ ˆ ˆ ˆ ˆ2( , )= −′ ′l l N l N . (6)

Generally, for reflection from the border of two 
dielectric media, the Mueller matrix ρ  has the fol-
lowing form [13]:

 (7)

where 
2

2

tg ( )
tg ( )

refrac

refrac

θ θ
ρ

θ θ
−

=
+

is the Fresnel reflection 

coefficient for a beam linearly polarised in the in-

Fig. 1. Beam path at the interface of two media
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cidence plane; 
2

2

sin ( )
sin ( )

refrac

refrac

θ θ
ρ

θ θ⊥

−
=

+
 is the Fresnel 

reflection coefficient for a beam linearly polarised 
perpendicularly to the incidence plane.

Both the reflected wave and the refracted wave 
retain polarisation they had before interaction.

In the particular case of normal incidence 
( 0)θ =  , when the reflection coefficient does not 
depend on polarisation, the matrix ρ  will be as 
follows:

2

1 2

1 2

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

1 0 0 0
0 1 0 0

.
0 0 1 0
0 0 0 1

ρ ρ

 
 
 = =

− 
 − 

 
  −  =   −+   
 − 

n n
n n



 (8)

For the Brewster angle ,Bθ θ=  with 0,R =


 the 
matrix is equal to:

2

1 1 0 0
1 1 0 01 cos 2
0 0 0 02
0 0 0 0

Bρ θ

 
 
 =
 
  



, and

 2
0 1

1
11 ( )cos 2
02
0

ref BL L θ

 
 
 = +
 
  

L . (9)

Drawing an analogy between luminance and the 
Stokes vector (which is the “vector luminance”), it 
is possible to obtain the global illumination equation 
with consideration of polarisation similar to [14, 5].

With consideration of (2) and (4), the relation 
between the incident radiation and diffused radia-
tion will be defined in the following way:

 (10)

where ˆ′l  is the unit vector of radiation incidence di-
rection; l̂  is the same for diffusion; r  is the radius 
vector of the diffusion point; ˆ( , )L r l  is the Stokes 
vector at point r  along the direction ˆ;l  N̂  is the nor-
mal to the surface; ˆ ˆ ˆ ˆR( , )× ×′ ′l N l l



 is the matrix of 
rotation of the reference plane from ˆ ˆ×′l N to ˆ ˆ;×′l l  

ˆ ˆ( , , )ρ ′r l l


 is the Mueller matrix at reflection point 
with the specified directions of incidence and diffu-
sion of radiation.

Let us assume that there is no absorption, diffu-
sion and refraction in the medium between the sur-
faces of the scene. Then we have the boundary val-
ue problem of the radiative transfer equation (RTE):

ˆ ˆ( , ) ( , ) 0∇ =l L r l , (11)

with boundary conditions on the diffusing surfaces:

 (12)

and on the radiant surfaces:

0
ˆ ˆ( , ) ( , )=L r l L r l . (13)

Solving the equation (1) and proceeding to the 
surface integral, we will obtain:

 (14)

where ˆ ˆ ( )=′ ′N N r  is the normal to the surface at 
point ′r . The integral is taken through the directly 
visible part of the scene surface.

The global illumination equation (GIE) for the 
Stokes vector will be written in the final form if the 
visibility function ( , )Θ ′r r  of the element 2d ′r  from 
the point r  is introduced in it:

 (15)
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2

4

ˆ ˆ ˆ ˆ| ( , )( , ) |( , )
( )

ˆ ˆ| ( , )( , ) | .
( )

′ ′ ′= =′
− ′

− −′ ′ ′=
− ′

F N l N lr r
r r

N r r N r r
r r

 (16)

3. SOLUTION OF GLOBAL 
ILLUMINATION EQUATION

Like the standard global illumination equation 
obtained in [14, 15], generally, the equation (2) does 
not have an analytical solution. That is why numer-
ical technique shall be used for its solution. The 
Monte Carlo method (MCM) is the most common-
ly used technique for this purpose. This approach is 
based on finding a solution of a problem by estimat-
ing its mathematical expectation by means of mod-
elling random values.

Within the framework of this study, a number 
of programmes, which implemented the method of 
direct modelling of light distribution without con-
sideration of polarisation, were developed. In the 
course of the work, this approach demonstrated a 
number of its well-known disadvantages related 
to complication of mesh formation and high mem-
ory consumption, therefore, it was considered inef-
ficient for solving the problems of modelling mul-
tiple reflections with consideration of polarisation.

For solution of GIE with consideration of polar-
isation, it was proposed to use local estimates of the 
Monte Carlo Method. This method was first pro-
posed in [16] and is different from direct model-
ling methods as in this case we estimated not distri-

bution of photons over all surfaces of the scene at 
once but probability of photons getting exactly into 
the points of interest to us. With respect to the con-
sidered problem, the method is based on transfer 
from the surface integral to the volume integral by 
introducing the δ-function under the integral, which 
allows modelling to construct based on the beam.

Local estimates are widely spread for solution 
of problems related to radiation transmission in tur-
bid media. When it comes to modelling light distri-
bution during design of lighting installations, this 
method came into use quite recently and was de-
scribed, in particular, in [17]. In the same work, it 
is shown that local estimations allowing to conduct 
physically adequate modelling of GIE and allow us 
to estimate all points of interest based on one beam, 
which increases efficiency of calculations average-
ly by (80–90) times, as exemplified by solution of 
the Sobolev problem, [17]. In view of this, appli-
cation of MCM local estimates for calculations of 
multiple reflections with consideration of polarisa-
tion appears to be even more promising if it is taken 
into account that it is necessary to perform more op-
erations at each step of the algorithm as compared 
to standard modelling.

However, the equation (2) is not convenient for 
application of statistical modelling due to the fact 
that the required function under the integral stands 
at point ′r  but is determined at point r . To be able 
to use local estimates, it is necessary to transform 
this equation. It is also necessary to take into con-
sideration that ′r  and ˆ′l  are not independent and are 
related to each other in the following way:

ˆ .
| |
− ′=′
− ′

r rl
r r

 (17)

Then the equation (2) takes on the following 
form:

 (18)

GIE for the Stokes vector contains the δ-function 
which complicates modelling by the Monte Carlo 
Method estimates. This aspect may be eliminated 
by means of spatial integration. As a result, the esti-
mate will take on the following form:

0
k( , ) n

n
Mϕ

∞

=

= ′∑I r r Q


 or 

Fig. 2. Scene for modelling multiple reflections
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, (19)

ˆ ˆ ˆ ˆ ˆ ˆk( , ) R( , ) ( , , )
ˆ ˆ ˆ ˆR( , ) ( , ) ( , ),

ρ= × × ⋅′ ′ ′

⋅ × × Θ′ ′ ′ ′ ′F








r r l l N l r l l

l N l l r r r r  (20)

where nQ  is the vector weight of the beam with its 
components corresponding to the components of the 
Stokes vector, M  is the mean operator.

The expression (19) is called the local estimate 
of the Monte Carlo method and allows illuminance 
to estimate at a point of interest r  of space in which 
multiple reflections are being modelled.

4. IMPLEMENTATION OF THE 
MATHEMATICAL MODEL  
AND THE RESULTS

The method of solution of GIE with consider-
ation of polarisation by means of local estimates of 
the Monte Carlo method proposed above was im-
plemented in MATLAB. A “room” with dimensions 
of 1×1×1 was selected as a scene for modelling 
multiple reflections; in the middle of its “ceiling”, a 
disc-shaped lambertian source with radius of 0.05 is 
installed. On the “floor” of the room, at which nine 
points illuminance is estimated, are located (Fig. 2).

As the reflection matrix, the sum of two matri-
ces was used:

ô ë(1 )a aρ ρ ρ= + −
  

, (21)

where ôρ


 is the Mueller matrix (for Fresnel reflec-
tion in the case under consideration); ëρ



 is the ma-
trix of lambertian reflection; a  is the fraction of 
Fresnel reflection (0 1)a< < . The matrix ëρ



 is the 
zero matrix with the only non-zero ë,11ρ element, 
which is equal to the reflection coefficient.

Let us expand on the numerical algorithm which 
was used in the research programme for model-
ling interaction of the beam and the surface. Practi-
cal implementation of the above approach appears 
to be a non-trivial problem due to appearing of the 
δ-function in the indicatrix expression in the case of 
Fresnel reflection. Its availability gives rise to im-
possibility of playout of a new direction of a beam 
after interaction with the Fresnel surface and thus 
negates efficiency of local estimates.

To bypass this problem, the following algorithm 
is used. After the beam gets into the surface, the ran-
dom parameter ,α  uniformly distributed over the 
interval (0,1). is played out. Then, if ,aα <  the new 
direction of the beam is calculated using formula 

Fig. 3. Distribution of illuminance with  
different values of a
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(6); otherwise, the beam is played out in accordance 
with the diffusion law. In accordance with the se-
lected variant of interaction, Fresnel or lambertial 
reflection matrix is used.

The following parameters of surface were set as 
input variables: the reflection coefficient is 0.5, the 
refraction coefficient is 1.5, the parameters a varied 
from 0 to 1. The graphs in Fig. 3 demonstrate distri-
butions of illuminance on the surface of the “floor” 
obtained both with and without consideration of po-
larisation with different values of the parameter a.

5. CONCLUSION

The above results show that consideration of po-
larisation significantly affects the values of illumi-
nating parameters obtained while calculation. In 
case of 0,6a = , the difference between values ex-
ceeds 20 %, whereas in the limiting case it exceeds 
30 %. Therefore, consideration of polarisation is re-
quired for solution of a number of lighting engineer-
ing problems related to modelling light distribution.

It is necessary to note that the above described 
mathematical model of multiple reflections of light 
with consideration of polarisation stays within the 
framework of standard photometric terms but is 
generalised for the case of polarisation. Signifi-
cant difference from the standard model is that lu-
minance is transformed from scalar value into vec-
tor value and the reflection coefficient becomes a 
matrix. Also it becomes necessary to take rotation 
of the reference plane after each interaction of light 
with substance into account.

As a result of the work, the global illumination 
equation was obtained for the polarisation case. 
This allows us to use the same methods which will 
consider the state of light polarisation after a certain 
modification. For instance, the expression for local 
estimate of MCM with consideration of polarisation 
was obtained. This method appears to be the most 
promising one nowadays since it allows simultane-
ous estimation at all points of interest of the scene 
based on just one beam and accelerates calculation 
averagely by (80–90) times as compared to direct 
modelling methods.

The following stages of research in this area may 
involve development of a more detailed model of 
light diffusion on surfaces of the studied scene and 
in the under-surface layer of the medium as well as 
its experimental verification.
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