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ABSTRACT

In this paper we review theoretical foundations 
of reflectance spectroscopy of snow. Simple ap­
proximate equations are presented, which can be 
used to calculate snow absorption/extinction coeffi­
cients and also snow reflectance. The equations de­
rived could also be used to solve the inverse radia­
tion transfer problem. The technique can be applied 
to other types of turbid media with large weakly ab­
sorbing particles. It has potential for the interpreta­
tion both: ground-based and airborne, or satellite, 
measurements of light reflected from cryosphere of 
our planet, and also has potential for applications 
to planetary imaging spectroscopy in general.
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1.	 INTRODUCTION

Reflectance spectroscopy [ ]1  is a standard tool 
for the characterization of turbid media such as soil, 
blood, paints, leaves, etc. It is based on the measu­
rements of the light reflectance from a given sample 
as a function of the wavelength λ  and is a rapidly 
growing science that can be used to derive signifi­
cant information about various materials with little 
or no sample preparation. The reflectance spectros­

copy is much simpler as compared to the transmit­
tance spectroscopy for the case of turbid media such 
as, say, rocks and minerals. It can be used to mo­
nitor various surfaces using airborne and satellite 
measurements. Also ground-based and ship-borne 
measurement systems based on the reflectance spec­
troscopy principles are often used.

In this paper a simple approach to the characte­
rization of weakly absorbing strongly light scatter­
ing turbid media is reviewed and applied to the case 
of snow characterization (snow grain size, concen­
tration, and pollution absorption coefficient/type). 
In the next section we shortly describe snow micro­
physics. Afterwards local optical characteristics of 
snow are discussed. Section 4 is aimed at studies of 
radiative transfer processes in snow. Then we solve 
the inverse radiative transfer problem for natural 
snow (section 5) and summarize the results.

2.	 SNOW MICROPHYSICS

Snow grains originate from precipitating crystal­
line clouds. Therefore, as in ice clouds, grains have 
very diverse shapes. Snow metamorphism is dri­
ven by gradients in vapour pressure, which in turn 
are driven by temperature gradients. Small tempe­
rature gradients (less than 10 degree per meter) re­
sult in small vapour pressure gradients and slow 
grain growth within the snowpack. The result is the 
formation of rounded snow grains that tend to be 
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0.1 to 0.2 mm in diameter. One explanation for 
the formation of rounded snow grains is that va­
pour diffusion within the snowpack causes a loss of 
mass from points on individual snow grains to gains 
in mass in hollows. Depth hoar forms in areas of 
a snowpack where temperature gradients are greater 
than 10ºC per meter. The process of forming these 
snow grains has a number of synonyms, including 
the historical term of temperature gradient meta­
morphism (TG metamorphism), constructive meta­
morphism, and kinetic growth. The large tempe­
rature gradient induces a large gradient in vapour 
pressure, such that water vapour moves from warm­
er areas of the snowpack with relatively higher va­
pour pressures across pore spaces to colder areas of 
the snowpack with lower vapour pressure. These 
conditions produce angular or faceted grains, which 
may later develop steps and striations on their sur­
face, resulting in cup-shaped crystals with a hollow 
centre that generally range in size from (3–8) mm. 
Under very favourable conditions, individual grains 
can be larger than 15 mm.

The ice crystals in snow can be solid, hollow, 
broken, abraded, partly melts, rounded or angular. 
The surface of crystals can be rimed, stepped or stri­
ated. The rounded facets can be present as well. The 
crystals can be bounded, unbounded, clustered, or 
arranged in columns.

It is easy to derive the average radius of wa­
ter cloud droplets characterized by the droplet size 
distribution 

( )f a : 
0

( )a af a da
∞

= ∫ .	 (1)

Here a is the radius of droplets. The same pro­
cedure is not easy for snow because particles of dif­
ferent shapes and morphology present in snow. The 
practical way of the solution of this problem is the 
measurement of the largest snow grain size (diame­
ter for spheres). The snow grain size as determined 
from optical measurements is close to the Sauter 
mean diameter efd  defined as the diameter of the 
sphere having the same volume/surface area (V/S) 
ratio as an ice crystal of interest. This is due to the 
fact that clear snow spectral reflectance ( )R λ  is de­
termined mostly by the snow spectral single scatter­
ing albedo, which is primarily the function of efd . 
The value of efd  for snow, having different shapes 
and sizes, is defined as follows: 

0

0
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∫
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Here ( )f V  is the volume distribution func­
tion and ( )f S  is the surface area distribution func­
tion. The integral in the nominator gives the average 
volume of grains and the dominator is the average 
surface area of the grains. It is clear that for the mo­
no-dispersed spheres efd =2a and it follows for the 
spherical poly-dispersions:
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Therefore, the ratio of the third to the second 
moment of the size distribution is involved in the 
definition of the Sauter mean diameter. The snow 
specific surface area (SSA) defined as the total sur­
face area per unit of mass ( 2 /m kg ) can be also re­
lated to the Sauter diameter:

6

ef

SSA
dρ

= .	 (4)

Here 30.9167 /g cmρ =  is the density of ice. 
Because spectral reflectance depends on diameter 
of snow grains, it can be used to derive both snow 
grain size and snow specific surface area, which are 
important parameters for many applications includ­
ing snow pollution and climate research.

The snow water equivalent (SWE) is defined as 
the depth of water that would theoretically result if 
you melted the entire snowpack instantaneously. It 
can be estimated as follows:

SWE= slρ .	 (5)

Here l is the depth of the snowpack and sρ  is the 
snow density ((0.1–0.8) 3/g cm  depending on snow 
type). The SSA and SWE are characteristics of 
snowpack needed for numerous applications. There­
fore, they are measured routinely in field and also 
derived using remote sensing techniques. The value 
of l can be derived with airborne laser systems us­
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ing as a reference terrain not covered by snow (say, 
in summer).

Natural snow contains various types of pollu­
tants. They originate from atmosphere (e.g., aero­
sol particles such as dust, soot, etc.), are of biologi­
cal nature (e.g., algae) or from neighbouring objects 
such as trees (litter, tree brunches, etc.), rocks, and 
neighbouring bare soil. The extreme forms of snow 
pollution are well documented. Although the pris­
tine snow fields are more common. Typical concen­
trations of soot in snow in different areas are given 
in Table 1. One can see that the more pure snow is 
in Antarctica. This is due to large distance to pollu­
tion sources. Nevertheless, the snow pollution due 
to biological material occurs in Antarctica as well.

One important applied problem is the determi­
nation of concentration/type of pollutants in snow. 
The concentration of Table 1 pollutants can be as­
sessed studying level of snow darkening in the visi­
ble. The type of pollutants (algae, soot, dust) can be 
estimated from the spectral shape of measured snow 
reflectance.

3. LOCAL OPTICAL CHARACTERISTICS 
OF SNOW

3.1. Light Extinction in Snow

Extinction coefficient extσ  is the basic quantity 
for any turbid medium. It shows how fast the direct 
light beam attenuates in the medium due to com­
bined scattering and absorption processes. In par­
ticular, it follows:

0 exp( )extI I lσ= − ,	 (6)

where l is the geometrical thickness of a snow sam­
ple, I is the intensity of transmitted light and 0I  is 
the intensity of incident light. The measurements of 
spectral extinction coefficients of homogeneous me­
dia are quite simple and can be derived from equa­
tion given above. This task is not so easy for snow 
samples because one must remove the contribu­
tion of multiply scattering light into the detector. 
The extinction coefficient is defined via the extinc­
tion cross section extC  using the following equation:

ext extN Cσ = < > ,	 (7)

where N is the number of snow grains in unit vol­
ume. It is known that for large scatters, the value 
of extC  is equal to the double of the cross section­
al area A (perpendicular to the incident beam) of the 
particle. Therefore, one derives:

2ext ANσ = .	 (8)

The value of N can be expressed via the volume 
concentration of particles c and the average volume 
of particles:

cN
V

= .	 (9)

Then it follows:

ext
c
p

σ = ,	 (10)

where the parameter p is given by the following 
equation:

2
V

p
A

= .	 (11)

In case of convex particles, the average cross 
section (at random orientation) coincides with the 
average surface area of particles multiplied by 4 [ ]3 . 
Therefore, one derives:

2 V
p

S
= .	 (12)

Many particles in snow can have concave forms. 
Then Eq. (12) must be modified:

Table 1. The Concentration of Soot in Snow 
in Different Areas [ ]2

Location Black carbon 
concentration (ng/g)

South Pole 0.1–0.3

Summit, Greenland 1–30

Spitzbergen 7–52

Barrow 7–60

Alert, N. Canada 0–127

French Alps 4–826

Urban Michigan 17–5700
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/ ,p V Sυ=

where the parameter υ depends on the type of snow.
Let us introduce the average diameter of 

particles:

6
ef

V
d

S
= .	 (13)

Then it follows: / 3efp d=  and, therefore,

3 ,ext
ef

c
d

σ = 	 (14)

where we have assumed that grains have convex 
shapes (say, rounded ice particles). Taking into ac­
count that c is often close to 1/3 for snow, one de­
rives: 1 / .ext efdσ ≈  Therefore, the light extinc­
tion length 1 /ext extL σ=  in snow is approximately 
equal to the effective snow grain diameter.

3.2. Scattering of Light in Snow

Snow reflective properties are determined by 
light scattering and absorption processes inside 
snow cover. In assumption that close packing effects 
can be ignored one can use the physical optics ap­
proximation for the calculation of the angular scat­
tering pattern by a single ice grain. In this approxi­
mation one may assume that the phase function of 
an ice grain can be presented as a sum of two parts: 
diffraction part and geometrical optics part. The re­
sult for the phase function can be written in the fol­
lowing way:

( ) ( ) ( ), , , ,

, ,

sca d sca d sca g sca go

sca d sca go

C p C p
p

C C
θ θ

θ
+

=
+

,	 (15)

where ,sca dC  is the diffraction part of the scatter­
ing cross section, ,sca goC  is the geometrical optics 
part of the scattering cross section scaC , ( ),sca dp θ  is 
the diffraction contribution to the total phase func­
tion, and ( ),sca gop θ  is the geometrical optics contri­
bution to the total phase function. The phase func­
tion is normalized as follows:

( )
0

1 sin 1,
2

p d
π

θ θ θ =∫ 	 (16)

where θ  is the scattering angle equal to zero in for­
ward scattering direction and 180 degrees in the 
backward direction. In case of equal probability 
for light scattering by a scatterer at any scattering 
angle, one can easily derive: 1p =  (isotropic scat­
tering). For large ice grains, there is a pronounced 
asymmetry in light scattering pattern: most of light 
scatterers in the forward scattering region. Asym­
metry of phase function is described by the asym­
metry parameter

( )
0

1 cos sin ,
2

g p d
π

θ θ θ θ= ∫ 	 (17)

which is equal to the average cosine of scattering 
angle. One case also introduce the parameter sym­
metry s=1-g. Clearly, the value of s is equal to 1 
for the case of isotropic scattering (g=0). It follows 
from Eqs. (15), (17):

, ,

, ,

sca d d sca g g

sca d sca g

C g C g
g

C C
+

=
+

.	 (18)

In case of large non absorbing grains one can de­
rive [ ]3 : ,sca dC = ,sca goC  and, therefore,

1
2

gog
g

+
= ,	 (19)

where we accounted for the fact that the diffrac­
tion occurs in the forward scattering direction and, 
therefore, 1.dg =  The measurements of g in ice 
clouds composed of irregular shaped particles [ ]4  
give values of g close to 0.75, and, therefore, 

gog  =1/2. The value of gog  depends on the shape 
of particles and also on the refractive index, be­
ing larger for rounded scatterers and also for weak­
ly refracting particles with the real part of refrac­
tive index close to 1. The snow phase functions are 
difficult to measure and, therefore, for modelling 
purposes it is assumed that they are close to phase 
functions of ice clouds composed of large irregular 
ice grains. Such phase functions are featureless and 
almost constant at the backward scattering hemi­
sphere. They produce featureless snow reflectance 
patterns. In particular rainbows and glories seen 
in reflected light for water clouds are never ob­
served for snow covers. The equations presented 
above are valid for a single snow grain. Therefore, 
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the averaging procedure shall be applied to get the 
local snow optical properties. In particular, it fol­
lows for the snow phase function:

( ) ( ) ( ), , , ,

, ,

sca d sca d sca g sca go
s

sca d sca go

C p C p
p

C C
θ θ

θ
< > + < >

=
< > + < >

,	(20)

where angular brackets mean averaging with respect 
to the size of snow grains and also their shapes. The 
following expression can be derived for the snow 
asymmetry parameter:

, ,

, ,

sca d sca g go

sca d sca go

C C g
g

C C
< > + < >

=
< > + < >

,	 (21)

where we have taking into account that the asym­
metry parameter for the diffraction part is close 
to one. For non absorbing particles, gog  does not 
depend on the size of particles and one can derive:

1
2

gog
g

+ < >
= ,	 (22)

where angular brackets mean averaging with re­
spect to the shape of particles we have taken into ac­
count that the geometrical optics and diffrac­
tion parts of average scattering cross sections 
coincide for nonspherical particles and have as­
sumed that , ,sca g go sca g goC g C g< >=< >< > .

The phase function of snow has not been measu­
red in situ so far. This function is modelled assum­
ing various shapes of crystals in the framework of 
geometrical optics (ray tracing). The application of 
geometrical optics is possible because ice grains are 
much larger as compared to the wavelength of the 
incident light. This simplifies the problem in great 
extent avoiding the use of Maxwell theory, which 
does not lead to the closed form solutions for the ir­
regularly shaped particles. The parameterizations of 
the snow phase function useful for studies of radia­
tion transport in crystalline clouds and snow has 
been developed in [ ]5,  6 .

3.3. Light Absorption in Snow

Snow grains not only scatter light but also some 
portion of light is absorbed by snow grains. The ab­
sorption processes can be neglected in the visible. 
However, they are of importance in the near infra­
red, where ice absorbs light with various degrees 

of strength depending on the actual wavelength. 
The absorption cross section absC  of a single ice 
grain can be presented in the following form:

( ) ( ) ( )* 3
2

0

abs
V

kC r E r E r d r
E

ε= ′′∫
 

   



.	 (23)

Here, 2k π
λ

=  is the wave number, V is the vol­

ume of an ice grain, ( ) 2r nε χ=′′   is the imaginary 

part of the relative dielectric permittivity of a parti­
cle, m=n-iχ  is the complex refractive index of ice 

grain, 0E


 is the incident electric field, ( )E r


  is the 

electric field inside the particle. Let us introduce the 
average normalized intensity of light inside the 
particle:

( ) 2

3
2

0

1

V

E r
d r

V E
Π = ∫









.	 (24)

Then it follows from Eq. (23) assuming that the 
particle is internally homogeneous:

absC n Vα= Π ,	 (25)

where the factor Π  depends on the size, shape, and 

complex refractive index of particles and 2 .kα χ=  

It is clear that the value of Π  is close to one for 

weakly absorbing particles as 1n →  because it fol­

lows in this case: ( ) ( )0E r E r≈
 

 . Therefore, one 
derives:

.absC Vα= 	 (26)

For large non absorbing particles with large dif­
ferences 1n n∆ = − , the value of Π  also does not 
depend on the size of particles [ ]7 . This is also ap­
proximately true for absorbing particles, if

/ 1,  1n xχ χ<< <<  (valid for snow in the visible 

and near – ​infrared). Here x ka=  is the size para­
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meter, a is the characteristic size (radius for mono­
dispersed spheres) of a scatterer. Therefore, Eq. (26) 
is modified:

,absC B Vα= 	 (27)

where B depends on the shape of particles and real 
part of n but not on the size of particles. The expe­
rimental measurements of the value of B for the na­
tural snow has been performed in [ ]8 . It has been 
found that the average value of B is 1.6 with some 
variation depending on the actual snow type. The 
value of B for spherical ice grains is close to 1.25 
[ ]9 . Therefore, it follows that the use of spherical 
approximation will lead to underestimation of snow 
absorption and overestimation of snow reflectance.

The absorption coefficient: 

abs absN Cσ = ,	 (28)

can be presented, therefore, in the following form:

,abs B cσ α= 	 (29)

where c is the volumetric concentration of snow 
grains equal to the ratio of snow sρ  and ice iρ  den­
sities. This ratio is close to 1/3 for many types of 
snow. This means that the absorption coefficient of 
snow is approximately two times smaller as compa­
red to that of bulk ice and has almost the same spec­
tral behaviour as bulk ice in the visible and near in­
frared regions of the electromagnetic spectrum. The 
result presented above is valid only for the case of 
weakly absorbing snow grains. It must be modified 
in case of moderate and strongly absorbing particles 
(say, ice grains at 1.6 and 2.1 microns, where light 
absorption by large snow grains is outside weak ab­
sorption limit).

3.4. Local Optical Properties of Polluted Snow

Polluted snow is composed of ice grains and va­
rious pollutants (dust, soot, algae, etc.). The local 
optical properties can be found assuming external 
mixing rules for the extinction coefficient, absorp­
tion coefficient, and phase function:

, , , ,
1

N

ext ext i ext p i ext i p ext p
p

N C N Cσ σ σ
=

= + ≡ +∑ ,	 (30)

, , , ,
1

,
N
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p
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sca i sca p
p

C p C p
p

C C

θ θ
θ =

=

+
=

+

∑

∑
,	 (32)

where indices i, p is signify the contribution of ice 
(i) and N pollutants (p) and the scattering cross 
section:

.sca ext absC C C= − 	 (33)

In most of cases one needs to account for the pre­
sence of just one (N=1) pollutant (let’s us say soot). 
Also in many cases scattering of light by pollutants 
is small with absorption processes predominated. 
Then one needs to account for the presence of pol­
lutants just in calculation of absorption coefficient. 
Although such assumptions are often used in snow 
applied optics they may lead to biases in calcula­
tions because in reality pollutants can have large 
optical sizes and concentrations. Then one can not 
ignore scattering of light by pollutant particles any­
more. Also some pollutants can be internally mixed 
[10].

4.	 RADIATIVE TRANSFER IN SNOW

4.1. Radiative Transfer Equation Approach

The snow radiative transfer characteristics are 
usually studied in the framework of scalar radiative 
transfer theory. Therefore, the well known radiative 
transfer equation (RTE) for the intensity of light 
filed I  given below is solved (for a given 
direction specified by a solid angle Ω) [ ]11 :

( ) ( ) ( )0 ', ' '
4

dI
I p I d

d
ωµ

τ π Ω

Ω
= − + Ω Ω Ω Ω∫ ,	 (33)

where we have assumed that snow can be present­
ed as a horizontally homogeneous plane-parallel 
light scattering layer and effects of thermal emis­
sion can be ignored, which is certainly true in the 
visible and near IR regions of electromagnetic spec­
trum. Here, µ  is the cosine of the viewing zenith 
angle counted from the normal to the snow lay­
er, 0 1 /abs extω σ σ= −  is the single scattering albe­
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do, and we have introduced the snow optical depth 
(SOD) .extlτ σ=

For inhomogeneous layers, SOD is defined as 
an integral of the extinction coefficient via verti­
cal coordinate. In reality, due to accumulation pro­
cesses (say, several snowfalls and pollution dep­
osition events) snow has a layered structure and 
assumption of a vertically homogeneous layer must 
be taken with precaution.

RTE can be solved using a number of numerical 
and approximate analytical techniques providing 
the dependence of the intensity of reflected, trans­
mitted and internal light field I on a number im­
portant parameters such as snow grain size, snow 
grain shape, snow density, type, concentration of 
pollutants, size distribution of various pollutants, 
snow thickness. The snow layer albedo and ab­
sorptance can be also calculated.

The influence of underlying surface reflectance 
(let’s say for thin snow layers) can be also studied 
using appropriate boundary conditions.

It should be pointed out that RTE given above 
assumes that particles in a scattering layer are not 
oriented (random distribution of irregular shaped 
particles) and also they are not in contact and at 
large distances one from another. The second condi­
tion is actually violated for snow because volumet­
ric concentration of ice grains is about 0.3. There­
fore, the application of the standard for of RTE can 
lead to large errors. This is certainly true in the ther­
mal infrared in microwave regions of the electro­
magnetic spectrum. However, experimental mea­
surements of snow reflectance show that standard 
RTE can be applied in the visible and near infra­
red range of electromagnetic spectrum [12]. This is 
due to the fact that light scattering in snow occurs 
in geometrical optics domain because the grains are 
typically have the sizes (100–1000) times larger as 
compared to the wavelength of the incident light. 
Also the particles are irregularly shaped. Therefore, 
dense media effects are washed out.

4.2. Analytical Approximation of the Snow 
Spectral Reflectance

In applied research it is often desirable to have 
analytical equations relating the measured charac­
teristics, let’s say, snow layer spectral reflectivi­
ty, with snow microstructure parameters such as 
snow grain size and concentration of pollutants. 
This makes it possible to simplify the inverse prob­

lem solution. In this section we shall derive such an 
equation based on the statistical approach not di­
rectly relying on the RTE, which has limitations as 
far as dense media effects are of concern.

Let us consider the case of absorbing snow. The 
reflectance 0 0/R I Eπ µ=  ( 0µ is the cosine of the 
incident zenith angle, 0E  is the incident light flux 
on the unit area perpendicular to the incident beam) 
can be presented in the following way:

( ) ( )
1

1 n
n

n
R aβ β

∞

=

= −∑ ,	 (34)

where 01β ω= − is the probability of photon ab­
sorption (PPA) by unit volume of snow. In the case 
of non absorbing snow it follows:

( )
1

0 n
n

R a
∞

=

= ∑ .	 (35)

Therefore, one derives for ( ) ( )/ 0R Rβℜ = :

( )
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n
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n
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R

a
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∞

=
∞

=

−
=
∑

∑
.	 (36)

Expanding ( )1 nβ−  as 0β → , we derive:

2 3
2 3

1

 ... exp( ) ,
2 6

R n

n n n

β
β β β

≈ − < > +

+ < > − < > + ≈< − > 	 (37)

where

1 1
,  exp( ) exp( )k k

n n
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n f n n f nβ β
∞ ∞

= =

≡ − ≡ −∑ ∑ ,

1

n
n

n
n

a
f

a
∞

=

=
∑

,	 (38)

and we assumed that 2( 1)n n n− ≈ , n(n–1)(n–2) ≈ 
n3, … in our derivations. This is possible because β  
is close to zero and the number of scattering events 
in snow is high in the visible and near infrared re­
gions of the electromagnetic spectrum. For the same 
reason we have:

0

exp( ) ( )exp( )n f n n dnβ β
∞

< − >≈ −∫ .	 (39)
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This integral can be evaluated assuming the 
function ( )f n . In particular, it follows from the ran­
dom walk theory [ ]13  that that the probability of 
a particle (photon) appearing at a given place, time, 
and direction after large number of iterations can be 
presented as

( ) 3/2 expf n n
n

η η
π

−  = − 
 

,	 (40)

where the parameter η  depends on the process stu­
died. The substitution of Eq. (40) into Eq. (37), (39) 
gives:

exp( 2 )R ηβ= − .	 (41)

Therefore, we can write

( ) 0 exp( ),R R sβ β= − 	 (42)

where 0 (0),  s 4R R η≡ = . This equation shows how 
the spectral snow reflectance depends on the proba­
bility of photon absorption β . The parameter s  de­
pends on the scattering and not on absorption pro­
cesses and, therefore, one may assume that it does 
not depend on the wavelength for snow composed 
of large snow grains in contact. Eq. (42) is very ge­
neral and can be applied to many types of light 
scattering media. It has been derived for the first 
time in [ ]14 . In the next section we shall apply 
Eq. (42) for the interpretation of the experimental­
ly measured snow spectral reflectance and also for 
the solution of the inverse radiative transfer prob­
lem for the case of a homogeneous semi-infinite 
snow layer.

The value of s can be related to the asymmetry 
parameter g of ice grains using asymptotic results of 
RTE valid as 0β → . Then it follows [ ]15 :

( ) ( ) ( )0 0R R yu uβ µ µ= − ,	 (43)

where

4
3(1 )

y
g

β=
−

	 (44)

and

( ) ( )0 0 0 0
3 ( ),
4

u µ µ ϕ µ= + 	 (45)

( ) ( )
1

2
0 0 0

0

2 , ,R dϕ µ µ µ µ µ= ∫ 	 (46)

( ) ( )
1

0 0 0 0
0

1, , , .
2

R R dµ µ µ µ ψ ψ
π

= ∫ 	 (47)

One can show [16] that the following approxi­
mation holds:

( ) [ ]0 0
3 1 2 .
7

u µ µ= + 	 (48)

Comparing Eqs. (43) and (42) (at small values of 
PPA), one derives:

( ) ( )
( ) ( )

2 2
0
2
0 0

16
3 1 , ,

u u
s

g R
µ µ

µ µ ψ
=

−
.	 (49)

5.	 THE APPROXIMATE SOLUTION OF 
THE INVERSE RADIATIVE TRANSFER 
PROBLEM

Equations presented above can be used to estab­
lish the analytical relationship between the snow 
spectral reflectance and diameter of ice grains. 
To simplify, we assume that there is just one type of 
pollutant in snow. Then it follows for PPA:

, ,

, ,

,abs i abs p

ext i ext p

σ σ
β

σ σ
+

=
+

	 (50)

where indices i, p are signify ice grains and pollu­
tants, respectively. Under assumption, that ex­
tinction of light by pollutant is much smaller (see 
Table 1) as compared to that by ice grains, one de­
rives (Eqs. (14), (29)):

( ) ( ),

3 3
abs p

ef
i

B
d

c
σ λα λβ

 
= + 
 

	 (51)

and, therefore,

( ) ( ) ( ){ }0 ,exp ,abs pR R F Dλ α λ σ λ = − +  	 (52)

where

1

i

F
Bc

= ,	 (53)
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.
3 ef
BD sd= 	 (54)

In case of pure snow Eq. (52) is simplified:

( ) ( ){ }0 exp .R R Dλ α λ= − 	 (55)

Because the spectrum of the bulk ice absorp­
tion coefficient is a well known function α(λ) one 
can see that just two parameters ( 0,D R ) are suf­
fice to determine the clear snow reflectance spec­
trum in the visible and near infrared. These two pa­
rameters can be derived from measurements at two 
wavelengths 0.4 and 1.02 micrometers providing si­
multaneously snow grain size/SSA and 0R .

The absorption of pollutants can be parameteri­
zed as follows [17]:

( ),
m

abs p pcσ λ κλ−=  ,	 (56)

where pc  is the volumetric concentration of pollut­
ants, κ  is the absorption coefficient of pollutants 
normalized at the wavelength 0λ  to the value of cp, 

0/λ λ λ= . Then it follows (see Eqs. (52), (56)):

( ) ( ) ( ){ }0 exp ,mR R Dλ α λ λ λ− = − +Φ 
 	 (57)

where

pc
B
κ

Φ =


	 (58)

and

p
p

i

c
c

c
= .	 (59)

Eq. (57) can be used to find the parameters
0 ,  ,  ,  R D mΦ  using, e.g., optimal estimation ap­

proach [ ]18 .
This enables the determination of the effective 

ice grain sizes ( 3 / ,efd D Bs=  see Eq. (54)) and 
also the spectral absorption coefficient of pollutants 
(at known values of concentration of ice grains, see 
Eqs. (56), (58), (59)).

Knowing the volumetric absorption coefficient 
of pollutants

( )0abs

p

C
V
λ

κ = ,	 (60)

where pV  is the average volume of impurity parti­

cles, ( )0absC λ  is the average absorption cross sec­
tion of impurity particles, one can also find the nor­
malized concentration of pollutants (say, soot) 

Fig. 1. The spectral reflectance of dust – ​polluted (with dust concentration 39.6 and 107.4 ppm) snow measured in 
European Alps as described in [17] and theoretical modelling according Eq. (57) with the bulk ice absorption [19] coeffi­
cient calculated using the spectral ice refractive index tabulated in. The derived values of m, def were 4.1, 2.5 mm for the 

case of weakly polluted and 6.4, 1.5 mm, respectively, for the case of strongly polluted snow. The derived absorption coef­
ficient of pollutants at the wavelength 560 nm was 0.12 for the weakly polluted (39.6 ppm) snow and 0.31 for the strongly 

polluted (107.4 ppm) snow under assumption that the volumetric concentration of ice grains is 0.3. The observation has 
been performed in the nadir direction at the solar zenith angle equal to 52 degrees
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in snow (see Eqs. (58), (59)), which as an important 
applied problem. The four unknown parameters can 
be also found from Eq. (57) analytically from mea­
surements at four wavelengths assuming that ab­
sorption of ice grains is negligible at the wave­
lengths 1 2,λ λ  in the visble and the absorptance of 
light by pollutants can be neglected in near – ​infra­
red, where bulk ice absorbs stronger (at the wave­
lengths 3 4,λ λ ). The result is [ ]17

1 2
4

1 2 1 1
0

2 1

1 2 4
3 4

0

ln( / ) ,  ,
ln( / )

, ln ,

mp p pm R
D

RR R D
R

ε ε

λ
λ λ

α −

= Φ = =

 
= =  

 



	 (61)

where 1 2 3 4, , ,and R R R R  are the reflectances measu­
red at four wavelengths, ( )2

0ln /k kp R R= , and

1
1 2 1 3 4(1 ) , 1 , / ,b bε ε ε α α−= − = − =

is the bulk ice absorption coefficient at the wave­
length λ3(4).
The application of this approach to the measure­
ments of polluted snow spectral reflectance is given 
in Fig.1. The parameters given by Eq. (61) have 
been found at the following wavelengths: 400, 560, 
865, and 1020nm. A similar approach but applied 
to the measurements of both snow reflectance and 
albedo is presented in [ ]17 .

6.	 CONCLUSIONS

In this paper we have reviewed the theoretical 
foundations of snow reflectance spectroscopy. Al­
though, an accurate treatment of the problem must 
be based on the integro-differential radiative trans­
fer equation, we show that the approximations gi­
ven by Eqs. (52), (55), (57) simplify the problem 
in great extent making it possible to perform snow 
spectroscopy using inexpensive instruments and 
simple software based either on analytical solu­
tion of the inverse problem (see Eq. (61)) or optimal 
estimation technique. Our approach is valid not only 
for snow but also for other types of materials with 
large weakly absorbing scatterers.
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